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Abstract
We study the modular transformation of Zn-symmetric elliptic R-matrix and
construct the twist between the trigonometric degeneracy of the elliptic R-matrix.
Mathematics Subject Classifications (1991): 17B37, 81R10, 81R50, 16W30.
1 Introduction
Universal twists connecting quantum (super) algebras to elliptic (super) algebras have
been constructed in [1, 2, 3, 4, 5]. Recently, universal twists connecting double Yangian
DY (sl(2))c to deformed double Yangian DYξ(sl(2))c[6] (or Ah¯,η(ŝl2) [7, 8]), has been given
in [9]. They show the quasi-Hopf structure[10] of elliptic (super) algebras and deformed
Yangian.
If (A,∆,R) defines a quasi-triangular Hopf (super) algebra and the universal twist
F ∈ A⊗A satisfies the cocycle-like relations ( For the details we will refer the reader to
∗E-mail address: wlyang@phy.nwu.edu.cn
†E-mail address: zheny@phy.nwu.edu.cn
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[3, 4]), (A,∆F ,RF) with
∆F(·) = F∆(·)F−1, RF = F21RF−112 , (1.1)
defines a quasi-triangular quasi-Hopf (super) algebra. As for the R-matrices interpreted
as evaluation representation of universal ones, it becomes
RF = F21 R F
−1
12 , (1.2)
where the particular matrix F is the evaluation representation of F .
It is well-known that there exist two kind trigonometric degeneracy limits of elliptic
R-matrix: scaling limit which is the R-matrix of deformed double Yangian DYξ(sl(n))c[6]
and ordinary limit which is also related to another type deformed Yangian (e.g DY V 6ξ [3]).
In this letter, we will construct the twist between these two trigonometric R-matrices. In
special case n = 2, our result coincides with the result of Arnaudon’s[9].
2 Trigonometric limits of elliptic R-matrix
2.1 The sl(n) elliptic R-matrix
Let n be an integers and n ≤ 2, w ∈ C and Imw > 0, ξ take real value and ξ > 0,
τ ∈ C and Imτ > 0. Set V be a n-dimensional vector space with standard basis {ej}j∈Zn.
Introduce n× n matrices h, g and Iα with α ∈ Zn ⊗ Zn by
hej = ej+1, gej = ω
jej, j ∈ Zn,
Iα ≡ Iα1,α2 = hα1gα2 ,
where ω = exp{2ipi
n
}. Define the elliptic functions
θ
[
a
b
]
(z, τ) =
∑
m∈Z
exp{ipi[(m+ a)2τ + 2(m+ a)(z + b)]},
σα(z, τ) = σ(α1,α2)(z, τ) = θ
[
1
2
+ α1
n
1
2
+ α2
n
]
(z, τ).
The Zn-symmetric R-matrix can be defined as
S(z, w, τ) =
σ0(w, τ)
σ0(z + w, τ)
∑
α
Wα(z, τ)Iα ⊗ I−1α , (2.1)
2
where
Wα(z, τ) =
σα(z +
w
n
, τ)
nσα(
w
n
, τ)
.
The elements of Zn-symmetric R-matrix can be expressed explicitly[11]
{S(z, w, τ)}klij =
σ0(w, τ)
σ0(z + w, τ)
n−1∏
j=0
θ
[
1
2
+ j
n
1
2
]
(z, nτ)
n−1∏
j=1
θ
[
1
2
+ j
n
1
2
]
(0, nτ)
×
θ
[
1
2
+ l−k
n
1
2
]
(z + w, nτ)
θ
[
1
2
+ i−k
n
1
2
]
(w, nτ)θ
[
1
2
+ l−i
n
1
2
]
(z, nτ)
. (2.2)
Introduce sl(n) elliptic R-matrix
S(z) ≡ S(z, w, τ) = x2 zw ( 1n−1) g1(
z
w
)
g1(− zw )
S(z, w, τ), (2.3)
with x = eipiw and
g1(v) =
{x2vx2}{x2vx2n+2ξ−2}
{x2vx2n}{x2vx2ξ} , (2.4)
where {z} = (z; e2ipiτ , x2n) and (z; p1, · · · , pm) ≡ ∏∞{ni}=0(1− zpn11 · · ·pnmm ).
The sl(n) elliptic R-matrix S(v) satisfies the following properties[12]
Yang − Baxter equation : S12(v1 − v2)S13(v1 − v3)S23(v2 − v3)
= S23(v2 − v3)S13(v1 − v3)S12(v1 − v2),
Unitarity : S12(v)S21(−v) = 1,
Crossing −Unitarity : S12(v)t2S21(−v − n)t2 = 1,
2.2 Scaling limit of the sl(n) elliptic R-matrix
The scaling limit of the R-matrix (2.3) is taken by
z
τ
=
iβ
h¯ξ
,
w
τ
=
1
ξ
, w −→ 0+, with β, ξ and h¯ fixed. (2.5)
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The above limit should be understood as w go to 0 with the Imw from 0+. Noting the
properties of elliptic functions under the scaling limit (2.5)
θ
[
1
2
+ a
1
2
]
( iβw
h¯
, nξw)
θ
[
1
2
+ b
1
2
]
( iβw
h¯
, nξw)
w→0+−→ e
ipi(a−b)sinpi( iβw
nh¯ξ
+ a)
sinpi( iβw
nh¯ξ
+ b)
, (2.6)
θ
[
1
2
+ a
1
2
]
( iβw
h¯
, ξw)
θ
[
1
2
+ b
1
2
]
( iβw
h¯
, ξw)
w→0+−→ e
ipi(a−b)sinpi( iβw
h¯ξ
+ a)
sinpi( iβw
h¯ξ
+ b)
, (2.7)
we can obtain that in the scaling limit the matrix elements of (2.3) become
{RDYξ }klij (β, ξ; h¯) def= lim
w→0+
Sklij (
iβw
h¯
, w, ξw) (2.8)
= lim
w→0+
x
2iβ(1−n)
nh¯
g1(
iβ
h¯
)
g1(− iβh¯ )
× lim
w→0+
S
kl
ij (
iβw
h¯
, w, ξw)
= κ(β){
n−1∏
α=1
sinpi( iβ
nh¯ξ
+ α
n
)
sinpi(α
n
)
} sinpi(
1
ξ
)sinpi( iβ
nh¯ξ
)sinpi( iβ
nh¯ξ
+ 1
nξ
+ l−k
n
)
sinpi( iβ
h¯ξ
+ 1
ξ
)sinpi( 1
nξ
+ i−k
n
)sinpi( iβ
nh¯ξ
+ l−i
n
)
,
= κ(β)
sinpi(1
ξ
)sinpi( iβ
h¯ξ
)sinpi( iβ
nh¯ξ
+ 1
nξ
+ l−k
n
)
n sinpi( iβ
h¯ξ
+ 1
ξ
)sinpi( 1
nξ
+ i−k
n
)sinpi( iβ
nh¯ξ
+ l−i
n
)
,
where the scalar factor κ(β) is given
κ(β) = exp{−2
∫ ∞
0
sh(n− 1)h¯t sh(ξ − 1)h¯t sh2iβt
shh¯ξt shnh¯t
dt
t
},
and κ(β) can be re-expressed in terms of double sine function[6]. In the deriving, we have
used the identity
n−1∏
j=1
sin(x+ jpi
n
)
sin( jpi
n
)
=
sinnx
n sinx
.
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In the particular case n=2, one recovers explicitly[13, 6]
RDYξ (β, ξ; h¯) = κ(β)

cos pi
2ξ
cos
ipiβ
2h¯ξ
cospi( iβ
2h¯ξ
+ 1
2ξ
)
0 0 − sin
pi
2ξ
sin
ipiβ
2h¯ξ
cospi( iβ
2h¯ξ
+ 1
2ξ
)
0
cos pi
2ξ
sin
ipiβ
2h¯ξ
sinpi( iβ
2h¯ξ
+ 1
2ξ
)
sin pi
2ξ
cos
ipiβ
2h¯ξ
sinpi( iβ
2h¯ξ
+ 1
2ξ
)
0
0
sin pi
2ξ
cos
ipiβ
2h¯ξ
sinpi( iβ
2h¯ξ
+ 1
2ξ
)
cos pi
2ξ
sin
ipiβ
2h¯ξ
sinpi( iβ
2h¯ξ
+ 1
2ξ
)
0
− sin
pi
2ξ
sin
ipiβ
2h¯ξ
cospi( iβ
2h¯ξ
+ 1
2ξ
)
0 0
cos pi
2ξ
cos
ipiβ
2h¯ξ
cospi( iβ
2h¯ξ
+ 1
2ξ
)

. (2.9)
2.3 The ordinary trigonometric limit of sl(n) elliptic R-matrix
The ordinary trigonometric limit of the R-matrix (2.3) is taken by: τ −→ +i∞ with z
and w fixed [11, 14]. Noting the properties
θ
[
1
2
+ a
n
1
2
]
(z, τ)
θ
[
1
2
+ a
n
1
2
]
(w, τ)
τ→+i∞−→
{
exp{2ipi( a
n
− 1
2
)(z − w)}, 0 < a < n
exp{2ipi( a
n
+ 1
2
)(z − w)}, −n < a < 0 ,
θ
[
1
2
1
2
]
(z, τ)
θ
[
1
2
1
2
]
(w, τ)
τ→+i∞−→ sinpi z
sinpi w
,
we have that in ordinary trigonometric limit the matrix elements of (2.3) become[14]
{RQ}klij (β, ξ; h¯) def= κ(β)× lim
τ→+i∞
S
kl
ij (
iβ
h¯ξ
,
1
ξ
, τ) (2.10)
=

{RQ}iiii(β, ξ; h¯) = κ(β)
{RQ}ijij(β, ξ; h¯) = κ(β) sinipiβsinpi( iβ
h¯ξ
+ 1
ξ
)
exp{2ipi( j−i
n
− 1
2
) iβ
h¯ξ
}, i < j
{RQ}ijij(β, ξ; h¯) = κ(β) sinipiβsinpi( iβ
h¯ξ
+ 1
ξ
)
exp{2ipi( j−i
n
+ 1
2
) iβ
h¯ξ
}, j < i
{RQ}ijji(β, ξ; h¯) = κ(β) sinipiβsinpi( iβ
h¯ξ
+ 1
ξ
)
exp{2ipi(−1
2
+ j−i
n
) iβ
h¯ξ
}, i < j
{RQ}ijji(β, ξ; h¯) = κ(β) sinipiβsinpi( iβ
h¯ξ
+ 1
ξ
)
exp{2ipi(1
2
+ j−i
n
) iβ
h¯ξ
}, j < i
{RQ}klij (β, ξ; h¯) = 0, otherwise
.
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In the particular case n=2, one recovers
RQ(β, ξ; h¯) = κ(β)

1 0 0 0
0
sin
ipiβ
h¯ξ
sinpi( iβ
h¯ξ
+ 1
ξ
)
sin ipi
ξ
sinpi( iβ
h¯ξ
+ 1
ξ
)
0
0
sin ipi
ξ
sinpi( iβ
h¯ξ
+ 1
ξ
)
sin
ipiβ
h¯ξ
sinpi( iβ
h¯ξ
+ 1
ξ
)
0
0 0 0 1
 . (2.11)
In the case h¯ = pi, the above R-matrix coincides with the S-matrix of sine-Gordon
model[15].
3 Modular transformation and the twist from RQ to
RDYξ
3.1 Modular transformation of elliptic functions
The elliptic σ0-function has the following modular transformation property[16]
θ
[
1
2
1
2
]
(
z
τ
,−1
τ
) = exp{ipi z
2
τ
}θ
[
1
2
1
2
]
(z, τ)× const.
where the const. only depends on τ . Noting that
θ
[
1
2
+ a
1
2
+ b
]
(z, τ) = exp{2ipi[z + 1
2
+ b+
aτ
2
]}θ
[
1
2
1
2
]
(z + b+ aτ, τ),
we have the following properties under modular transformation
θ
[
1
2
+ a
1
2
+ b
]
(
z
τ
,−1
τ
) = exp{ipi[z
2
τ
+ a− b+ 2ab]}θ
[
1
2
+ b
1
2
− a
]
(z, τ)× const.. (3.1)
From (3.1) and the definition of Zn-symmetric R-matrix, we can derive the following
relations[12]
(M ⊗M)S(z
τ
,
w
τ
,−1
τ
)(M−1 ⊗M−1) = x 2zw(1−n)nτ PS(z, w, τ)P. (3.2)
where P is the permutation operator acting on tensor space V⊗V as: P (ei⊗ej) = ej⊗ei,
and the n×n matrixM with the elements defined as (M)jk = ω−jk. The matrixM enjoys
in the following properties
MgM−1 = h−1, MhM−1 = g. (3.3)
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3.2 Twist from RQ to RDYξ
In this subsection, we shall calculate the twist from RDYξ defined in (2.8) to R
Q given in
(2.10). From (2.8), we have
RDYξ (β, ξ; h¯) = κ(β) lim
w→0+
S(
iβw
h¯
, w, ξw)
= κ(β)(M ⊗M)P lim
w→0+
{S( iβ
h¯ξ
,
1
ξ
,− 1
ξw
)}P (M−1 ⊗M−1)
= κ(β)(M ⊗M)P lim
τ→+i∞
{S( iβ
h¯ξ
,
1
ξ
, τ)}P (M−1 ⊗M−1)
= (M ⊗M)PRQ(β, ξ; h¯)P (M−1 ⊗M−1).
In the second line we have used (3.2). Therefore, the trigonometric degeneracy limits
R-matrices RDYξ and R
Q are related by
RDYξ (β, ξ; h¯) = F21R
Q(β, ξ; h¯)F−112 , (3.4)
where the twist F12 is
F12 = M ⊗MP12. (3.5)
In the following, let us consider the special case n = 2. In this case,
M =
( −1 1
1 1
)
= −
√
2V σz,
where
σz =
(
1
−1
)
, V =
1√
2
(
1 1
−1 1
)
.
Thanks to that RQ (2.11) satisfies the following properties
PRQ(β, ξ; h¯)P = RQ(β, ξ; h¯) = (σz ⊗ σz)RQ(β, ξ; h¯)(σz ⊗ σz),
our twist is equivalent to that given by Arnaudon et al[9].
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